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Abstract. The volume contraction in dissipative reversible transitive 
Anosov flows obeys a large deviation rule (fluctuation theorem). 



1. Introduction and formalism 
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\Q ' In this paper the results in [G3] are extended to the case of Anosov flows. The interest and 

0^ ■ the physical motivation are explained in [CGI] and [G2]: we briefly review them. 

For dissipative systems the existence and properties of a non equilibrium stationary state 
are not known in general. Nevertheless there are systems in which such a state exists and 
has been extensively studied: Anosov systems and, more generally, Axiom A systems. 



The content of the chaotic hypothesis proposed in [CGI] generalizing the Ruelle's principle 



for turbulence, [R5], is that, as far as only macroscopical quantities have to be computed, 
a many particle system in a stationary state out of equilibrium can be regarded as if it was 
an Axiom A system. 

In [CGI] a theorem of large deviations is heuristically proven for dissipative reversible 
transitive Anosov systems, by using the properties of the stationary state (SRB measure), 
and it is shown to agree with the results of the numerical experiments in [ECM] . A rigorous 
proof for Anosov diffeomorphisms is performed in [G3]. As the physical systems which one 
wants to study through mathematical models evolve in a continuous way, it can be interesting 
to check if the theorem still holds if one consider Anosov flows instead of diffeomorphisms. 
This program is achieved in the present paper: it will be shown that the study of Anosov 
flows can be reduced to the study of Anosov diffeomorphisms (more rigorously of maps 
which have all the "good" properties of Anosov diffeomorphisms, in a sense which will 
be explained below, after Proposition 1.9), so that the large deviation rule for dissipative 
reversible transitive Anosov diffeomorphisms is extended to the case of flows. 

If the systems is Axiom A but not Anosov, something can still be said: see comments after 
Theorem 3.6. 

In this section we simply review the basic notions and results on Axiom A flows, Markov 
partitions and symbolic dynamics, essentially taken from [B2] and [BR], and in §2 we in- 
troduce the SRB measures for Axiom A flows. Even if in the end we will confine ourselves 
on Anosov flows, it can be worthwile to start with more general definitions (also in view 
of possible future extensions to Axiom A flows of the results holding for Anosov flows) , as 
the discussion in this introductory part can be carried out with no relevant change both for 
Axiom A and Anosov flows. 
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In §3 we consider dissipative reversible Axiom A flows, study conditions under which they 
reduce to Anosov flows, and state the fundamental result of the paper (a large deviation 
rule for the volume contraction in dissipative reversible transitive Anosov flows), which will 
be proven in §4. 

Let M be a differentiable (C°°) compact Riemannian manifold and /*: M — ■* M a differ- 
entiablc flow. 

1.1. Definition. A closed f -invariant set X c M containing no fixed points is hyperbolic 
if the tangent bundle restricted to X can be written as the Whitney sum 1 of three Tp- 
invariant continuous subbundles 



T X M = E + E S +E U , (1.1) 
where E is the one- dimensional bundle tangent to the flow, and 

(a) \\Tfw\\ < ce- xt \\w\\ , forweE 3 , t>0, 

(b) ||Tf-'H| <ce- xt \\w\\ , forweE u , t>0, 

for some positive constants c, A; || • || denotes the norm induced by the Riemann metric. 

More generally, if Y is the union of a hyperbolic set as above and a finite number of 
hyperbolic fixed points, we also say that Y is hyperbolic, [ER], §F.2. 

1.2. Definition. A closed /* -invariant set A is a basic hyperbolic set if 

(1) A contains no fixed points and is hyperbolic; 

(2) the periodic orbits o//'|A are dense in A; 

(3) /*|A is topologically transitive; 2 

(4) there is an open set U D A with A = n te ]R/*?7. 

Definition 1.2 is taken from [BR], §1. Usually one defines a basic hyperbolic set as a set 
which either satisfies Definition 1.2 or is a hyperbolic fixed point. In the following we will 
be interested in basic hyperbolic sets which are not a single point: this motivates Definition 
1.2. 

1.3. Definition. A basic hyperbolic set A for which the set U in item (4) can be chosen 
satisfying f t U C U for all t > t , for fixed to, is defined to be an attractor. 

A point x £ M is called nonwandering if, for every neighbourhood V of x and every 
t e IR, there is a t > to such that 

/*vnv^0. 

The nonwandering set is defined as 



1] = {i e M : i is nonwandering} . 



1.4. Definition. A flow /*: M — > M is said to satisfy Axiom A if the nonwandering set 
is the disjoint union of a set satisfying (1) and (2) of Definition 1.2 and a finite number 
of hyperbolic fixed points. 

Smale's spectral decomposition theorem ([Sm], Theorem 5.2; see also [PS], Theorem 2.1) 
states that, if the flow /*: M — > M satisfies Axiom A, and if we denote by T the set of 

1 That is for each x £ X, the decomposition (1.1) becomes T X M = E x ® -BJ © E%. 

2 A flow /' : A — > A is topologically transitive if, for all U , V C A open nonempty, U D f t V ^ for some 
t > 0. 
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hyperbolic fixed points in fi, then ft \ T is the disjoint union of a finite number of basic 
hyperbolic sets. 

1.5. Definition. A flow /*: M —> M is an Anosov Bow if M is hyperbolic. 

An Anosov flow satisfies Axiom A (Anosov's closing lemma, [A]; see also [B3], §3.8). By 
Smale's spectral decomposition theorem, given an Anosov flow /*: M — > M, then one can 
decompose il = U^ =1 Aj, where Ai, . . . , Ajv are basic hyperbolic sets, and one can consider 
the restriction /*|Aj, Vj = 1, . . ., N, which is topologically transitive. If one has ft = M, 
then each /*|A 3 is a transitive Anosov How. 3 

Standard examples of Axiom A flows are the suspension of an Axiom A diffcomorphism, 
e.g. the solenoid, [Sm], and the geodesic flow on a compact manifold with negative curvature, 
[A], which is an Anosov flow, (see also [B4]). 

Let A be a basic hyperbolic set. For any x e A, the stable and 
defined as 

W£ = {y G M : lim d(fx, fy) = 0} , 

t— »CO 

W: = {ye M : lim d(f-*x, /"<</) = 0} , 
where d is the distance induced by the Riemann metric, and 

m=\J w £> = U w * • ( L4 ) 

xEA xEA 

If A is an attractor, is its basin: lim^oo d(f*x, A) = Vx € W^. 
For x G A, we set 

W^ e - {ye Wl : d(/* a; , < e Vt > 0} , 
W£ e - {ye VF, U : dif-'x, f-ty) < e Vi > 0} . 

Let D be a differentiable closed disk (i.e. a closed clement of a C°° manifold of dimension 
dim(M) — 1, if dim(M) is the dimension of M), containing a point x E A and trasverse to the 
flow. For any closed subset T C D containing x and for any y <G T such that d(x, y) < cti 
for a suitable ai, let us define as the intersection Wjv xe H W^ e , for a suitable w, 

(by choosing ai small enough, one can always take \v\ < e): such an intersection is well 
defined (i.e. it is a single point) and lies in A, [Sm]. Then let us introduce the canonical 
coordinate (x,y)o as the projection of (x,y) on D, [B2], §1: this means that there exists a 
constant £ > such that, for |r| < £, f r (x,y}o = (x,y). The subset T is called a rectangle 
if (x, y)i) E T for any x, y € T, and in this case we can define (x, y)r = (a;, J/) r>- 

Then, for x e T, we set W X S (T) = {(x,y) : y € T} and VF^(T) = {(y,x) : y e T}: we 
can say that W£(T) and W"(T) are the projection of the stable manifold and, respectively, 
of the unstable manifold of x on the rectangle T containing x (the projection is meant along 
the flow), and T becomes the direct product of W£(T) and W£(T). 

1.6. Definition. Choose a basic hyperbolic set A. We call T = {Ti,...,2V} a proper 
family of rectangles, if there are positive constants a and ot\ such that 

(1) Tj C A is a closed rectangle; 

(2) ifT(T) = \J< =1 Tj, then A C U < t <« /"^(T); 

(3) Tj C int.Dj, where Dj is a C°° closed disk transverse to the flow, such that: (3.1) 
diam(^) < ai Vj, (3.2) dim(Dj-) = dim(M) - 1 Vj, ^5.5; Tj = mtT~ Vj - 1,...,AA ; 

^ Note that there are Anosov flows for which f2 7^ M, [FW]: such flows are obviously non transitive. In the 
case of maps, the identity Q = M is conjectured to hold for all Anosov diffeomorphisms, [Sm], Problem 3.4. 



unstable manifolds are 
(1.3) 
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(where int Tj is the interior ofTj as a subset of An Dj), and (3.4) for i =/= j, at least one of 
the sets Di n Uo<t<a an d Dj fl {J < t < a P^i is empty (in particular Di n Dj = %). 

The above definition is taken from [B2], Definition 2.1. [In [B2], ct\ = a and T is called 
a proper family of rectangles "of size a"; in general it can be useful to consider a and ct\ 
as independent parameters, so that one can change one of them without affecting the other 
one.] 

Note that, if the flow /*: M — > M is a topologically mixing Anosov flow, 4 then E s and E u 
are not jointly intcgrablc {i.e. E s E u is not integrable, [PI], Proposition 1.6), [PI], Lemma 
1.4, Lemma 1.5, Theorem 1.8. This means that, if e' is so chosen that for any x G A, y G W" e 
and £ e W£ e , one has W£ e n U- £<t < £ f* W y,e + > thcn W te n = - Therefore, in such 
a case, the disks Dj's can not be constructed so that the conditions W* e (T) = W* e n T 
and W" £ (T) = W" e n T are simultaneously possible. 

Given x G T(T), let t'(x) be the first positive time required for /*x to cross r(T). If 
x G Tj, for some i = then /' ( x )x G Tj, for some j 7^ i; set t(x) = t'(x) for 

x G intTj and extend it by continuity to the boundaries of Tj. Then define Htx = f^x, 
for any x G L(T), [B2], §2: t(x) is called ceiling function and 7ir Poincare map. There 
exists a t G (0, a) such that t(x) > to Vx G L(T). 

The function Ht is continuous on 

A/" 

r'(T) = {x G F(T) : W^-x G (J intT,- Vfc G 2} , (1.5) 

and r'(T) is dense in F(T), being a countable intersection of dense open subsets (Baire's 
theorem, [Bb], Ch. IX, §5.3). 

1.7. Definition. A proper family of rectangles T is called a Markov partition (or Markov 
family, or Markov pavement ), if 

(1) for x G T i7 H r x G Tj, one has U r y G Tj Vy G W*(T); 
for x G T, W^x G Tj, one has H^y G Tj Vy G W"(T). 

The above definition is taken from [B2], Definition 2.3. 
Define 

AT M 
d s T = |J d s T 3 , d u T = y d u Tj , dT = d s T U d u T , 

A S T= y /*<9 S T, A"T = y f- l d u T; 

0<t<a a<t<a 

4 A transitive Anosov flow is said to be topologically mixing if the stable and unstable manifolds W£ and 
W™ are dense in M for some (and then for each) x S M. 
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where 

8 S T = {( yi ,y 2 )T : yi G 3Wl £ {T) and y 2 e W S X , £ {T)} , 
d"T = {( yi ,y 2 )T : yi G W£ e (T) and y 2 G 0W* e (T)} , 

if 0W£ e (T) and dW^ j£ (T) denote the boundaries of W£ £ {T) and W^ £ (T) as subsets, re- 
spectively, of W£(T) n A and W£(T) n A. 

1.8. Proposition. J/T is a Markov partition, one has /*A 5 T c A S T andf~ l A u T cA u T 
Vi > 0. 

The proof is in [B2], Proposition 2.6. 

Then the following fundamental result is proven in [B2], Theorem 2.5. 

1.9. Proposition. Any basic hyperbolic set A admits a proper family of rectangles which 
is a Markov partition. 

By construction, the discontinuity set ofHr, *-e. T(T)\T'(T), is covered by the evolution 
of some stable and unstable manifolds, so that Ht- r'(T) — ► r'(T) can be studied as it was 
an Axiom A diffcomorphism, (see [B3] for a review). 

1.10. Symbolic dynamics. Let us introduce a N x N matrix A such that 

^ f 1 if there exists x G int Tj such that Ht^ G int Tj , 
^ [ otherwise, 

(transition matrix), and let us define the space of the compatible strings 

M={m= {m t } 4eZ : m* G {1, . . . ,7V} , A mimi+1 = 1 Vi G Z}, (1.6) 

and the map c: — > Al by crm = {m^}^^, where = m !+ i. If {1, . . . ,A/"} is given the 
discrete topology and {1, . . . , A/"} z the product topology, /Vf becomes a compact metrizable 
space and a a topologically transitive homeomorphism (subshift of finite type); furthermore, 
because of the transitivity of/*, a can be supposed to be topologically mixing, 5 [BR], Lemma 
2.1. A metric on can be d(m, n) = dxe~ d2N , with di, rf 2 > 0, if nij = n i; V|i| < AT, [B2], 
§1- 

For tp: M — > 1R a positive continuous function, i.e. V G C(A4), and 

y = {(m,s) : sG [0,V(m)], m G A4} , (1.7) 

identify the points (m, tp(m)) and (am, 0) for all m G A4, so obtaining a new compact 
metric space A(A,tp), [BW]. If g : Y — > A(A, ?/0 is the quotient map, then the suspension 
How (or special How) g* : A(A, tp) — > A(A, ■0) is defined as 

5*g(m,s) = g(cr fe m, v) , 

where fc is chosen so that 

fe-i 

v = t + s-^2ip(<T j m) G [0,tp(a k m)} . 

For V G C(A4), let 

varjvV" = sup{|V'(m) — -0(n)| : m, n G A4, mi = V|i| < AT} 

A homeomorphism /: X — > X is topologically mixing if, for all [/, V C X open nonempty, U n / n V ^ 
for all sufficiently large n. 
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Fig. 2. Suspension flow. 



and let 



T = {tp € C(A4) : 3 ci, C2 > so that vaiNip < ci e 



C2iV V7V > 0}. 



(1.8) 



A flow g f with ip £ T is called a hyperbolic symbolic Bow, [B2], Definition 1.3, and its 
class is the same as the class of all one-dimensional basic sets for flows, [Bl]. 

1.11. Proposition. If A is a basic hyperbolic set, there exists a positive ip E T and a 
continuous surjection p: A(A, tjj) — > A (symbolic code) such that p o g* = /* o p. 

The proof is in [Bl], §2. If N = [j^^fdT, and we set A = A \ N and M = 
A(A,ip) \ p^ 1 (N), then p is a continuous bijection between A and Mo- Note that, if 
x G r(T), then x = p(m, 0), m <E M, and one has t{x) = ip(m). 



Given a homcomorphism /, M(f) denotes the set of /-invariant Borel probability measures; 
if F = {/' } teIR , then M(F) = f| te]R M(f). If g* is the suspension flow, we set G = {.g*}. 

Let A be a basic hyperbolic set. For x e A, if and denote, respectively the 
subbundlcs tangent to W£ and in x, let Ao,t(x), X u ,t(x) and A Sj t(x) be the jacobians of 
the linear maps, respectively, Dp : E x — ► £yt x , D/' : i?" — ► £7^ and £)/' : E* — ► £^t x , 
and A t (or) = A ,t(x) A s ,t(x) A„,t(x) Xt(x) XtO*^ where XtO^) = sin^ 1 (/*#)]/ sin^x)] and 
Xt (x) = sin[^ 2 (/*x)]/sin[^ 2 (x)], being f/' 1 (x) the angle between E s x and in x, and i/> 2 (x) 
the angle between 2?* © E™ and the flow direction in x. 

Note that A„ it +t'(x) = A Ui t(/* x) A U;t '(x) and analogous relations hold for A s ,t, Ao,t, Xt 
and Xt : so that all such quantities are cocycles, in the sense of [R4], Definition B2. 

By the transversality properties and the absence of fixed points of the basic hyperbolic 
sets (see Definitions 1.1 and 1.2), there exists a positive constant B\ such that B^ 1 < 
xKx),x 2 (x), A ,t(x) < B u for each t € IR, x e A. 

Then we define 



2. Equilibrium states and SRB measures 




-—In A„,t(x) 



— lnA s . t (x) 
at t 



t=o 



(2.1) 



so that, for x = p(m, 0) and r fe (x) = J2j=o t {p( aj ' m -i °)) = Z)j=o ^(^m), if 



■4,fc(x) = A„ ;Tfe ( x) (x) , J s ,k{x) = K,T k (x)(%) j ^fe(x)(x) = A Tfc(x )(x) 
J„(x) =J„,i(x) , J s (x) = J s ,i(x) , J(x) = Ji(x) , 
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we obtain 

i-T k (x) k-l rri(x) 



lnJ u . k (x) = - I " dttpMtfx) = Vln J u (H{x) , lnJ u (x) = f ' dt^ u \fx) 

Jo J=0 Jo 

In J s . k (x) = - [ " ( } dttpW (fx) = V In J s (H^x) , \n J s (x) = [ ^ } dt ^ (fx) , 

Jo -n Jo 



3=0 

and we can define for even k 



rr k/2 (x) fc/2-1 

lnj~l= dtip {u) (fx)= ^J-\Hi r x), 

Jr_ k/2 (x) j=-k/2 
fT k/2 (x) fc/2-1 

Js,k = - / dtv {s) (fx) = ^J s (H 3 T x) . 

Jr -k/^ x ) i=-k/2 



(2.2) 



In 



For v £ M(a) and to Lebesgue measure, \i v = [v x to (Y)] -1 f x m|Y gives a probability 
measure on A (A, ip), as v x m gives measure zero to the identifications on Y — > A (A, ^), so 
that no ambiguity can arise. [Y is defined in (1.7).] 

2.1. Proposition. TTiere ermte a measure p, + e M(G), which is the unique equilibrium 
state for ip^ with respect to G, ergodic and positive on nonempty open sets, (forward SRB 
measure), and a measure /i_ G M(G), which is the unique equilibrium state for ip^ with 
respect to G^ 1 , ergodic and positive on nonempty open sets, (backward SRB measure). One 
has ,u± = \i v± , v± <G M(a), where v + and v_ are, respectively, the unique equilibrium states 
for $< u ) and <S><- S \ if 

$< u >(m)=/ dttp {u \p(m,t)) , $W(m)= / dt^ s \p(m, t)) , 
Jo Jo 

with respect to a. 

The proof for /x+ is in [BR], Proposition 3.1, (where the definition of equilibrium state can 
also be found), and for can be carried out in the same way, by studying / _ * instead of 
/* and taking into account the fact that the unstable manifolds for /* becomes the stable 
manifolds for the opposite flow / _t and viceversa. 

For transitive Anosov flows, we have the following result, (note that if /*: M — > M is a 
transitive Anosov flow, then M = A, see comments after Definition 1.5). 

2.2. Proposition. Let f: M — > M be a transitive Anosov flow . The volume measure 
on A admits the representation /i = /U„ , with formally proportional to exp[— H(m)], 

where the formal Hamiltonian H(m) is given by 



-1 oc 



H(m)= 2^ h-(a J m) + h (m) + 2^h + (a k m) , (2.3) 

j=—oo j=0 

with 

( h-(m) = - In J s (p(m,0)) , h+(m) = In J u (p(m,0)) , 
\ h (m) = -lnx(p(m,0)) , 

being x(p(m, 0)) bounded between two constants, which we can take as B^ 1 < B 2 - Ifv+, V- 
are the Gibbs states with formal Hamiltonians 

oo oo 

H + (m)= h+(^m), H_(m) = ]T /i_(^m) , (2.4) 

j — — OC J — — OO 
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then n v+ , [i v _ are, respectively, the forward and backward SRB measures n + , U- on A. 



A statement similar to Proposition 2.2 holds for diffcomorphisms (see [G3]), and follows 
from the analysis in [Sil,Si2,Si3] and [G2,G3]. In Appendix Al, we show how to reduce the 
discussion of the flows to the case of diffcomorphisms, so that Proposition 2.2 follows. 

2.3. Remark. Note that, unlike the SRB measures, the volume measure is not translation 
invariant (so that it is not really a Gibbs state, see [R3]): the non translation invariance is 
due not to any symmetry breaking phenomenon, but simply to the fact that the potential 
"to the right" is different from the potential "to the left" . 

If g: M — > IR is smooth, the function g(p(m,0)), m g M, can be represented in terms of 
suitable functions 7fc(m_fc , . . . , mk) as 



5(p(m,0)) = ^7fc(m_fe,...,TOfc), |7 fe (m_ fe , . . . , m k )\ < V e A; 
k=i 



where T > 0, A > 0. In particular h± (and ho) enjoy the above property (short range), by 
the properties of the Markov partition introduced in §1. 

2.4. Proposition. For any smooth function g : M — > IR, if A is an attr actor for the Axiom 
A flow f l :M^M, and W A is its basin, one has 



lim i f dtg(fx) = f u+{dy)g{y) 

T^oc I J Q J A 



for uo-almost all x g W A . Analogously, if A' is an attr actor for the opposite flow f M — > 
M, one has 

lim i f dtg(f~ t x)= [ fi-(dy)g{y) 

T^oc 1 J Q J A , 

for UQ-almost all x g W A , , where W A , is the basin of A': limt^oo d (/"*£, A') =0Vse W A , . 
The proof is in [BR], Theorem 5.1. 
Consider transitive Anosov flows. 

Let us construct the Markov partition 7i = V^=-l Wt^, {this means that, if m[_ L L ] 

= (m- L ,...,m L ) and T m[LL] = f)f=-L ^t t ™j ' for T "b e T Vj = -L,...,L, then 
T m[ i L] g Tl), and let x m o ^ be a suitable point in T m[ _ L L] , where m®_ L L j g A4, (i.e. 

m [-L l] * s a compatible string), with (m®_ L L j),; = (mj.^^j)^ V|i| < L; for instance we can 
choose the symbols corresponding to the sites |j| > ±(L + 1) such that A mjmj+1 = 1, so 
that the dependence on m[-L,L] 1S on ly y i a the symbols m±L- 
We can define 



E m rt(v ) fo im °~ L ' L]) dtgifx^ 

^ m [-L,L] U,k\ m [-L,L] J JU 3W m [-L,L] J 



which is called approximating distribution for u + . In fact the following result holds. 

2.5. Proposition (Approximation theorem). Let /*: M —> M be a transitive Anosov 
flow. If Uh.k is defined as in (2.5), then, for any smooth function g : M — > IR, one has 



lim / u L ,k{dx)g(x) = I u+(dx) g(x) , 

,>fc/2 *' ^ 



fc 

L>k/ 



where ji + is the forward SRB measure. 



The measure fiL,k can be written as fiL,k = fJ-v L}k i where v^.k is the approximating distri- 
bution for v + £ M(a) defined on M. In the following we shall use the notation 

J v + (dm)g(m) = J fj, + (dx) g(x) , J u Ltk (dm) g(m) = J p. L .k{dx) g{x) , 

where 

g(m) = / dtg(p(m,t)) , 
Jo 

with ip(m) £ (to, ct) Vm £ A4. For any subset A C A4, we denote by v+(A) the ^ + -measure 
of A: v+(A) = J A u + (dm). 
We conclude this section with a comment inherited from [CG2] . 

2.6. Remark. In Proposition 2.5, we could define the approximating distribution with 
Ju,k{x) — ► J u ,k{x) Sk(x), where Sk(x) = sm(H^ 2 x)/ sm(H^- k ^ 2 x), which corresponds to 
considering a Gibbs state with a different boundary condition (with the difference becoming 
irrelevant in the limit as k — > oo, because of the absence of phase transitions for one- 
dimensional Gibbs states with short range interactions, [R2,GL]). Note that the factors 
Sk(x) are cocycles, according to [R4], Definition B2. 



3. Reversible dissipative systems and results. 

Let us consider flows /': M — > M verifying the following conditions (A) and (B). 

3.1. Definition. The flow /*: M — » M is (A) dissipative if 

a± = - / H±(dx) In J^ix) > , 
Ja 

and (B) reversible if there is an isometric involution i : M — > M, i 2 = 1, such that: 
if - f~*i. 

If /*: M — > M is transitive and reversible, then, for any x £ M, the stable and the unstable 
manifolds have the same dimension, so that the the dimension of M is odd. 

By reversibility, one has er + = er_, J(x) = J~ 1 (ix), iW£ — Wf x , [G3], §2, and J u ^ = 
J~k(ix), [G3], §4. Moreover, if A is an attractor for the flow /*: M -» M, then A' = iA is 
an attractor for the opposite flow /"*: M M, so that = iW%, , with the notations in 
Proposition 2.4. 

3.2. Lemma. Let A be an attractor for the Axiom A flow /*: M — > M. If 

(a) the flow is transitive on M , or 

(b) the flow is reversible and iA = A, 

then A is a connected component of M and /*|A is an Anosov flow. 

3.3. Proof of Lemma 3.2. If /*: M — > M is transitive, A is dense in M (because of the 
/*-invariance of A), and, as A is closed, then A = M; this proves (a). 6 

If A is an attractor, one has m(W%) > 0, where m is the measure on M derived from 
the Riemann metric, [BR], Theorem 5.6. If one sets A' = iA, one has iW](, — W^, by 
reversibility. If iA = A, then m(W^) = m(Wl). But A = W%, hence m(A) > 0, so that A is 



It is not necessary to assume the existence of an attractor in order to deduce from transitivity that 
/*: M — > M is an Anosov flow: in fact transitivity implies trivially Q = M. 
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a connected component of M and /'|A is an Anosov flow, [R5], [BR], Corollary 5.7. Then 
(b) follows. ■ 

3.4. Remark. In hypothesis (b) of Lemma 3.2, one can assume iWj[ = instead of 
iA = A: in fact iA — A yields A = W£, and, if iW£ = W£, one has iA C iW£ = W^, hence 
iA = A, (because iCl = Cl). 

Note that a stretched exponential bound on the correaltion functions is obtained, [Ch] , for 
three-dimensional topologically mixing Anosov flows satisfying an extra assumption ("uni- 
form nonintegrability" of the "foliations" E s and E u , [Ch], §13, Assumption A5), while it 
is known that topologically mixing Axiom A flows can have correlations function decaying 
arbitrarily slowly, [R6,Po]. 

3.5. Definition. We define the dimensionlcss volume contraction rate at x <G T(T) and 
over a time k as 

1 fe/2_1 1 

s ^) = ^- E ^J-\n> T x) = —\nj^{x), 

G+k j=-k/2 

where J^ 1 (x) = Yl*=Zk/2 ^H^r 1 )' an< ^ we sei £fc( m ) = dt Ek(p(m, t)). 

Then the following result holds, which can be interpreted as a large deviation rule, (see 
[La,CGl]). 

3.6. Theorem (Fluctuation theorem). Let A be an attractor for the dissipative re- 
versible transitive Anosov flow /* : M — > M . There exists p* > such that the SRB 
distribution ji + = /i„ + on A verifies 

K< - v 1 , £fc(m) € \p-S,p + S]}) 
p- 6 < hm In — — — — f — — < p + 5 , 

k^oo o + k t/ + ({m: e-fe(m) e -\p - d,p + d\\) 

for all p and S such that \p\ + S < p* . 

If /*: M — > M is a dissipative reversible Axiom A flow, and (1) the restriction of /* on 
the attractor A is an Anosov flow, and (2) there exists an isometric involution i*: A — > A, 
such that i*f*\A = f~H*\A, then Theorem 3.6 still applies. 



4. Proof of the fluctuation theorem 

For x € r(T), the function £k{x) can be regarded as a function on A4, by setting £fc(m) = 
J^ m ^ dtsk(p(m,t)). Then the following two propositions hold. 

4.1. Proposition. For a suitable p* > and for p E (—p*,p*), \p\ + 5 < p», there exists 
the limit 

lim ylnz/+({m : £ fe (m) e \p- S,p + S}}) = sup { - C(s)} , 
fc se[p-8, P +s] 

and £(s) is a real analytic strictly convex function on (—p*,p*)- The difference between the 
right and left hand sides tends to zero bounded by Z?i fc _1 , for some positive constant D\. 

In Proposition 4.1, p* is defined as p* = sup a . eA {limsup fc _ >+oc Sk(Ti.^ 2 x)}. 

4.2. Proposition. For [3 e (-00,00), define 

A(/?) = sup {[3s~C(s)}; (4.1) 

s£(-p*,p*) 
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then one has 



X((3) = lim lln / v + {dm) 

fe^oo k J 



e /3fce fe (m) 



A(/3) is a real analytic strictly convex function on IR, asymptotically linear to ±p* , for 
[3 — > ±00. T/ie difference between the right and left hand sides tends to zero bounded by 
D2 k~ 1 , for some positive constant D<i- 

The two statements are equivalent. In fact Proposition 4.1 yields Proposition 4.2 (and 
viceversd): the proof of such an assertion is standard, [R2], and is given in in Appendix A2. 
Therefore it is enough to prove one of the two results: the proof of Proposition 4.2 can be 
deduced from [CO], and it is reproduced in Appendix A3. 

Hence it will be sufficient to prove the following result. 

4.3. Lemma. If I p ,s = \p— S,p + S\, \p\ +5 < p*, the distribution v + verifies the inequalities 

1 ln M{ m: M m ) e I p ,STri(k)}) $<p + 5 + n'(k) 



cr+fc v+({m: e k (m)El_ Pt5±n{k) )}\>p-5-n'{k) 
where n(k),r]'(k) > and n(k),r]'(k) — > for k — > 00. 

For and n odd, set X = {q, q + 1, . . . , q + n — 1} = [q, q + n — 1] and define m x = 

(m q , m q+ i, . . . , m g+n _i) and X = q + (n — l)/2 (the center of X). If m e M, let be 
an arbitrary configuration {(m x )i} ie % such that {m x )i = {mx)i 1 Vi = q, . . . , q + n — 1. 

One can write 

— lnJ- 1 (p(m,0))= y^Eximx), h+(m) = V H x (m x ) , (4.2) 

(7+ — — 

where E x (m x ) and H x (mx) are translation invariant and exponentially decaying func- 
tions, i.e. , if 1? denotes translation to the right, 

%(m x ) = , |^(m x )| < 6< £) e" 6 ^" , 

%(mx) = ffx(mx) , |ffx(mx)| < b[ H) e" 6 ^'" , 

for suitable positive constant 6^', 6^', b^ and b^\ 
Then (m) can be written as 

ke k (m) = ^2 E x (m x ) , 
xe[-fc/2,k/2-i] 

and, if ke k (m) = Sx(mx ), with Y^} N ^ denoting summation over the sets X C 

[-fc/2- A, fc/2 + A], A > 0, while X e [-fc/2, fc/2 - 1], one has the approximation formula 

|A:ef(m)-fc£ fe (m)| <6 ie - b2Ar , 

where 61 = (e + l)[(e - 1) (1 - cxp(-^ i5) ))]- 1 6^ ) , 6 2 = bf\ and A can be chosen N = 0. 
Then 

M{ m : e°(m) G / P)5 _(, l/fc }) < ^+({m : £ fe (m) e 7 p , 5 }) 
< ^+({m : s° k (m) e / Pi5+6l / fe }) . 

From the general theory of one-dimensional Gibbs states, [R1,R3], (see Proposition 2.5 in 
§2), one has that the t/+ -probability of a configuration m^_ L ^ 2 L y 2 j, L > fc/2, is 



*— lm [-L/2,L/2] 
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where ^2* denotes summation over all the X C [-L/2, L/2], with X e [— k/2, k/2 — 1], and 
B(m.[_ L / 2 ,L/2]) depends on m.[-L/2,L/2], but verifies the bound | lnB(m[_ £ / 2 ,i,/2])| < lnS 2 , 
for a suitable B 2 > and uniformly in L. 

As V( m ) G (^o,a0, we can define B 2 — maxfc*,^ 1 }, so that | ln^(m)| < lnB 2 . 

Then, for any L > k/2, one has, for B 3 = B2B2, 

^+({m: e fc (m) e I p>s }) < ^+({m : e£(m) e I p , S+bl /k}) 

<B 3 v L . k {{m.: e° k (m) e I PiS+bl /k}) < B 3 v L , k ({va. : e k (m) e I p j +2bl /k}) , 

and likewise a lower bound is obtained by replacing B 3 by B^ 1 and 61 by —b\. 

Then, if I Pi s C (— p*,p*) the set of the rectangles T m[ L e Tj, with center cc such that 
£fe(x) e 7 Pj 5 is not empty, and we have obtained the following rewriting of Lemma 4.3. 

4.4. Lemma. The distributions v + and vl,u> L > k/2, verify the inequalities 

1 , + ({m: a(m)e^ /t }) f < ^ In *g + ^ In ^TTO^CT 
, + ({m : £ fe (m) € -W, /fc }) \ > -^InBg + ^ In ^SS^CT 

/or Ip.s C (—p*,p*) and for k so large that p + 5 + 263/fc < p* . 
Hence Lemma 4.3 follows if the following result can be proven. 

4.5. Lemma. There is a constant b such that the approximate distribution ^L,fc verifies the 
inequalities 

1 ln ^L,fc({m : £ fc (m) € Ip/f) f < p + 5 + ~b/k 
a+k v Ltk ({m.: e k {m) e -Ip,s}) \ >p-5-b/k 

for k large enough (so that \p\ + S + b/k < p* ) and for all L > k/2. 

If T is a Markov partition also iT is such (because iS = S~ 1 i and iW" = Wf x ); further- 
more if 71 and T2 are Markov partitions also T = T\ V T2 is such. Therefore there exists a 
time reversal invariant Markov partition T, i.e. a Markov partition such that T = iT: it is 
enough to take any Markov partition T , hence to set T = % V i%. 

Since the center of a rectangle T m _ [L L . e 7j, can be taken to be any point x m[ _ L L] in the 
rectangle T m , L L] (provided x m _ [LL] — p(m',0), m' <E M), we can and shall suppose that 
the centers of the rectangles in T m[ L L] have been so chosen that the center of iT m[ L L] is 
ix m[ L L] , i.e. the time reversal of the center x m[ L L] of T m[ L L] . 

For k large enough the set of configurations too.[-l.l] such that e k (x) £ I Pt s for all (possible) 
x € T m[ L is not empty and the ratio in Lemma 4.5 can be written, if x m[ _ L L] is the center 
of T m[ _ L L] , as 



^L,fc({m 


: £fe(m) € I p ,s}) 






-L,L] ) 




£ fe (m) e -ip,,5}) 




. I , iI , ] )e--f P ,5 ^«,fc ( :Em 










-L,L] )eI "- S ^ m[ " 















But the time reversal symmetry implies that J u , k {x) — J s k(^ x )' so tnat the above ratio 
becomes 

T,e k {x m[LL] )ei P ,s J u.l (HJ f < max m[ _ [11 J"* (s m[ _ L t] ) J^ 1 (aj m[ _ liri] ) 

^s k (x m[ L L] )eI PiS ^s,k {x m[ _ LiL] ) \ > mm m[-L,L] ^u,k ( X ^[-L,L]) J s ,k ( X *ni-L,L]) 

where the maxima are evaluated as m[_ L i ] varies with e k {x m _ L L ) G I p ,s- 
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We can replace Juk( x ) ^7k( x ) w ^ tn ^fe _1 ( a; )-^4 =1 5 = an d B\ i s defined at the 
beginning of §2. 

By definition of the set of m[_ L L ]'s in the maximum operation in the last inequalities one 
has [o+fc] -1 lnj7 fc _1 (x m[J . L] ) G ip^: then Lemma 4.5 follows with b = a^ 1 ln£> 4 . 

From the chain of implications 4.5 — > 4.4 — > 4.3 — > 3.6, Theorem 3.6 follows and a bound 
0(A: _1 ) is found on the speed at which the limits arc approached: in fact the limit in Lemma 
4.1 is reached at speed 0(k~ 1 ), and the regularity of C(s), the size of r](k) and rj'(k) and the 
error term in Lemma 4.5 have all order 0(fc _1 ). 
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Appendix Al. Proof of Proposition 2.2 

The proof of the statements in Proposition 2.2 can be adapted from [G3]. In fact we can 
study the map S = Ht- r'(T) — ► r'(T) as it was an Anosov diffeomorphism. For any 
x e r(T), W£(T) and W£(T) arc the stable and the unstable manifolds of x, if T is the 
rectangle in T(T) containing x; the angle a(x) between them is bounded by two constants 
K^ 1 < Kg, by the transversality implied by the Whitney sum decomposition (see Definition 
1.1). We can denote by \DS u (x)\ and \DS s (x)\ the jacobians of the map S restricted to the 
unstable manifold W"(T) and, respectively, to the stable manifold W^(T). 

Then we can apply the discussion of [G1,G2], and obtain that the measure v of a cylinder 
set 



i 

C m_ k ... m k = f] S ° Tm i CTm « 
j=—k 



is "essentially" given by 

"( c «i ::: L)=^-\ II \Ds s (s^)\]a(x)[n\Ds-\s^)\ 



fe-i 

r-'ra, 

j=-k j= 



where x is a point in C k ' " k , 8" and Bt, denote the surfaces of the unstable 
boundary of T mk and, respectively, of the stable boundary of T m _ k . Here "essentially" has 
the same meaning as in [G2], arising from the approximation involved by the arbitrarity of 
the choise of the point x, and it is solved as in [G2]. 

When the limit as k — > oo is taken, we find that v is formally proportional to the expo- 
nential of 

— 1 oo 

- ln|£'5 s (p(^m,0))|-lna(p(m,0))+^ln| J D5 u (p(a J m,0))| . 

j=—oo j=0 

By using the fact that \DS U \ and |£>5 S | are cocycles, we can write 

fe-1 

IJ \DS 8 (S'x)\ = \DS*(S- k x)\ , J] = \DS k u (x)\ , 

j=-k j=0 

and replace \DS k (S~ k x)\ with J s , T - k {x) (H^i), and \DS k (x)\ with J u ,T k (x){x)'- the errors 
caused by such substitutions are bounded by two other pairs of constants K± 1 < K\ and 
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< K2, by [B2], Lemma 7.1, (this simply means that the boundary conditions for the 
corresponding Gibbs state can be different for finite k, but the difference becomes irrelevant 
as k — > 00; see also Remark 2.6). 

Then we have /j, = v x m, where m is the Lebesgue measure and v is a measure on A4, so 
that Proposition 2.2 follows with v = v and B 2 = K KiK 2 - ■ 

If the volume measure /iq admits the representation ji vo = vo x m, then the measure v + 
describing the Gibbs state with formal Hamiltonian H + (m) denotes the SRB measure for 
the map Hf. T'(T) — > T'(T), so that = i> + x m is the SRB measure for the G. 



Appendix A2. Equivalence of ensembles 

In this appendix we prove the equivalence between Proposition 4.1 and Proposition 4.2. Let 
assume that Proposition 4.1 holds. Define 



Q(J3,k) = J v+(dm) 



e 0k£ k (m) 



Given S > 0, let po be such that ftp — ((p) > A(/3) — c\5 for any p e [po — S, po + S], for a 
suitable constant c\. Then for k large enough (so that D\ < kS) 



Q(P, k)> J v+(dm) e" te *< m > x(5fc(m) € [p ~S, Po + 5}) 



> exp 



/?fc(po -5) + k( sup { - COO} - k- 1 D 1 )] > e fc(A0»)-«(2/j+i+c 1 )) ; 

se[po-<5,po+<5] 



(here x denotes the characteristic function), so that 

liminf y]n.Q(fi,k) > A(/3) . 
fe^oo A; 

Given <5 > 0, one can write, for k large enough (so that D\ < kS) 

feo-l 



Q(/3, A) = ^ / e^ m ) xfe < e*(m) < e i+1 ) 

i=i ^ 
fe-i „ 

£ / ^+(rfm) x ( e , < e fc ( m ) < e m ) , 



i=fco ' 



where the strictly increasing sequence {ei} k =1 is so taken that: (a) — = s\ < £2 < • • • < 
e k = p*: (b) Mi = 1, . . . , fe, e i+1 - e 4 < 2(5; and (c) e feo = s , where sup s£( _ p> iP „){-C(s)} = 
-C(so)- Then 



Q{f3,k) < ^ e l3k£ '+ 1 ^ kC( - £ '+ 1 ' )+Dl + ^2 e /3 ' ce *+ 1_feC(ei)+ - Dl 

i— i— ko 

< (fc _l) e MA(^(2/3+D] ? 

and one deduces 

limsupilnQ(/?,fc) < X(/3) , 

so that the first statement of Proposition 4.2 is proven. The other properties of A(/3) follow 
from the properties of ((s), by taking into account that A(/3) is the Legendre transform of 
COO- 
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Appendix A3. Canonical ensemble 

We prove Proposition 4.2. In order to apply the methods of [CO], let us reformulate it 
under more general conditions as follows (recall that real analyticity means analyticity in 
an arbitrarily small strip around the real axis). 

A3.1. Lemma. Let us denote by X the subsets ofTL, by \X\ the number of elements in 
X, and define diam(AT) = maxi.jgx Let the class of the potentials be defined as 

$ = {$x(mj)}x C 2, where $x(mx) is a function depending on the values of the symbols 
{m p } pe x, and set 

tf<*>(m)= J2 ®x(m x ). 

If ||/x||oo denotes the supremum norm for the continuous function fx € C({1, . . . , A/"}'*'), 
i- e - 1 1 /x | |oo = sup mx \fx(mx)\, and B is the Banach space of the potentials $ with the 
norm 

Mb = E e rdiam(X) ||$x(m x )||oo < oo , 

XBO 

for some r > 0, then there exists a domain u of the complex plain centered in the origin, 
such that, for $ sS, the limit 

q(0) = lim ±ln [ v k/2 , k (dm) ^ 
fc^oo k J 

exists and is analytic in € u) . 

Once the existence of the limit q(0) is proven, the convexity can be proven with standard 
methods, [Rl], and the linearity in for — > oo follows from the definition of p* in §4. 

A3. 2. Decimation and first cluster expansion. Let A p be the interval centered at the 
origin of lcnght |A p | = 2pM + (2p + 1)L, and decompose A p into consecutive blocks 
A_p,_B_p,A_ p+ i,. . .,Ap-i,Bp-i,A p , such that = M Vi = —p, . . . ,p — 1, and \Ai\ = L 
Mi = —p,...,p, with L < M. Set 7L = linip^oc A p , and define P^ = {Ai}^ = _ p and 

Consider the function 

Z p (H + [3E) = Y,e- u(H+eE) ^\ 

m Ap 

where the potentials H = {Hx(mx)}xc~£ an d E — {Ex(mx)}x C 2 are in B. Note that 
UiH+fiE) = jj(h) + uiPE), so that the real analyticity in of 

lim \A p \- 1 Z p (H + 0E) 

yields Lemma A3.1 (the sign of being irrelevant). 

If one chooses H and B as defined in §4, after Lemma 4.3, then from Lemma A3.1 Propo- 
sition 4.2 follows, for A^ = 1 (A is the matrix introduced in §1.8). The extension to the 
general case is trivial. 

Call = and bj = hib 4 the configurations in the blocks A t and B t , and as [bs] the 
configuration in S, if S is the union of sets in T p [Tp 3 ]. We have 

i——p i——p 

+ E < +/3B) (a.)+ E f £) (a,,b^ +1 )+ E ^r'K), 
£>er^ »=-p cer p 

15 



where the sets and T p are defined as follows: 

r p fl = {J} = 4U...Ui li : 2 < k < p , and D ^ A, t U A i+1 , Vi G 2} , 

f p = {C = A 4l U . . . U A ik U B^ U . . . U By : <k <p, 1 < k' < p + 1 , 
and C ^ A, U flj U A m , C ? A l B i , C ^ B,A l+1 , C £ B, , Vi e Z} 



and 



«<*>(*)= E $x(ax), 
j|* ) (a i ,b i ,a i+ i)= E $x(m x )+ E $x(a x ) 



XCAjUBjUJ i + 1 XCA i UA i+1 



X(ZD 
XC\A ihl tti,VA ih CD 

Wg\mc)= E *x(m c ). 



Note that = if only connected subsets X are allowed for interaction $, as it is the 
case when H and E are given as in §4. 
If we define 

zg)(a i ,a i+1 ) = E eJr(ai ' bi ' ai+l) ' (^3-1) 

b; 

and 



eM-U {H+0E \^)] = Y[U 



gj^^ai.bi.aj+i) 



b„i3 t=-p Z^bi e 



p-1 



cer„ »=-p 



then we can average over the variables associated to Tp 3 (decimation procedure, see [KH1, 
KH2]) 



p-i 



■"A, a A i=—p i=—p 

p 

E W^ E \ aD ) + U^\ ar A)}. 



+ 

Der° 



To each C £ f p we associate a bond 7r(C), and to each B € Tp 3 a bond 7r(B), such that 
the lenght of a bond n(B) is |tt(-B)| = 1 and the lcnght of a bond 7r(C), denoted as |7r(C)|, 
is given by the number of blocks ^4's and B's contained in C. Consider 

K = {&,..., C k ,B u ...,B h } , C s cf p Vs = l,...,fc, 

and set C — C HTp and TZ = {Ci, . . . , C k , B\, . . . , £?/j j: |7r((7)| is given by the number of 

sets -B's contained in C. We set B = B. 
The set of bonds corresponding to 1Z, i.e. 



R 



= [n(C 1 ),...MCk)MBi),...MBh)} , C,cfV« = l t, (A3.2) 
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is a polymer (see [GMM]) if, for any choise of bonds tt(Xi) and ir(Xj), with Xi,Xj e 1Z, 
there exist X il , . . . , X ir £ 1Z, r < k + h, such that X il = Xi, X ir = Xj and X ih n X ih+ i ^ 



V/i = 1, . . . , r — 1. Then one has 



exp[-f7(^)(a r .)] = l + X: e new- 



n=l Ri R» i=l 

where R is defined as R in (A3. 2), but with C s replaced with C s Vs = 1, . . . , k, and 

e J t ' H '(ai,b«,a i+ i) 
b K BiCTZ Lihi c 



cw=E[n 



. [j| ( e < + "W> _ i)] . [ JJ ( e <?K^v-»v +1 ) _ ^ 

S=l g' = l 

is the activity of the polymer R. Here -Bj C 1Z means Bi E 1Z or Bi C Cj € 1Z for some 
j = l,...,k. We set \R\ = £* =1 1^(6)1 + h ( as K B )I = !)■ 

A3. 3. Lemma. Given a potential $ £ K, and considered a polymer R, the activity ((R) 
satisfies the inequality 

k h 
s=l s' = l 

where p = e~ r , w c = 2 e^^l \\W { c H+m and j Bi = 2e r B) ||oo, being \\fx\\oo the 
supremum norm for the continuous function fx , and wc and jb are positive constants such 
that max{wc, js} < ln[^/p(2 — yfp)]^ 1 for (3 small enough and L sufficiently large. 

A3. 4. Proof of Lemma A3. 3. For complex z such that \z\ < 1/2, one has \e z — 1| < 2\z\. 
Since 



lim e r ' L \\W c H+0E) ||oo=0, Vr'<r, 



and 



. 'c 

L— KXD 



lim/3 1 - £ ||jf s) || oo =0, Ve>0, 



we can apply the above inequality, and obtain 



^"'(ai.bi.ai+i) 



mm <E[n ''^;i„;;:j • (n^r^ii) • ( n ci) « 

b H BiCfl e 1 «=1 s'=l 

then we can 

(1) extract a factor e ^ I Cc*) I f r0 m || W C H+ ^ E>> ||oo and a factor e~ r from || J^ff^ ||oo, because 
of the exponential decay of the interaction, and 

(2) make wc and js arbitrarily small by taking L sufficiently large, and 



L > -In 

r 



4(1 - p)- l \\H + /?£|| B max{l,ln[Vp(2 - Jp)]} 



l ^ l< 4M^ min{1 ' ln[ ^ (2 -^ )rl} ' 
so obtaining Lemma A3. 3. ■ 

A3. 5. Remark. Note that, if we had considered an interaction with exponential decay 
e-''l x l instead of e - rdiam W, the same bound as in Lemma A2.3 would have followed. In 
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fact the same cluster expansion can be still performed, and the only difference is that now 



W, 



(H+/3E) 



decays as e r l c l: but this is sufficient in order to prove Lemma A3. 3. 



A3. 6. Second cluster expansion. By Lemma A3. 3, for suitable (3 and L, one has 
\C(R)\ < II C c > 0<C c <K, K< In[Vp(2 - ^p)]" 1 ; 

CGK 

then the conditions of [CO], Lemma 1, are satisfied, so that we can deduce (analogously to 
[CO], Lemma 2) 

exp[-tr(^(arx)]= £ W^ E \* D ) , 
Def° 

where f ^ is defined as , but with no restriction, and W < ^ I+I3E * > (eld) is analytic in G 

if u>m is a circle around the origin of the complex plane whose radius tend to zero asM^oo. 

One can write 



W, 



(H+0E) 



D 



(a D )= ]T ip T (Ru---,Rn)Y[C(R i ) , 

Rl,...,H„ i=l 



where the sum is over all the polymers . . . , R n such that the product C{Ri) . . . C(R n ) 
depends only on the variables ac, and ipr (Ri, ■ • ■ , Rn) is a suitable coefficient, (see [CO], 
Lemma 1; see also [GMM]). 

Then we can define (recall (A3.1) and define 1 as the configuration of a block A with each 
element set equal to 1) 



4f (m.ij-^a.ao 



4^(1,1)-^ (i,i) 



(H) 



and 



VD(an) = < 



and write 



W 



(H+pE) 



AiUA i+ 



^(ai,a i+ i) + In 



2< H) (a„a, + 1 ).2< H '(l,l) 



Z^)(a i ,l)-zW(l,a i+1 ) 



(H+0E) 



(a,) + < W (a B ) 



I) 



if D = Ai , 

if D = U , 

if D ^ Ai, Ai U j4 i+ i 



^ eX p[-C/(^)(m Ap )]= const. [ JJ E e 

raA p t=— p a 4 

p a (ff)( a .) 

X] [ II e a<«)(a i ) 

i=— ri ^a; 



(a,) 



a r x i=-p ■ 



[n 



V D (a D ) 



We introduce a new cluster expansion by associating to each D e L^ 5 a bond tt(D), and 
defining a polymer 5 as 

S = {7r(D 1 ),...,7r(D fc )}, (A3.3) 



and 5 = {Di,..., D fe }. Then 

J ffl q,[-^K)]=[nE e< 



(i+e e nw). 



l — —p Sk-i 



n=l Si,...,S„ j=l 
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where 

o a (ff »(a s ) 



e ^)=E n y e ^> ( ao n (■ 



gV D (a D ) 



as AiCS ^a; D G s 

is the activity of the polymer S. Here Ai C S means Ai C £ 5 for some j = 1, . . . , k. 

(H) (H) (H) 

A3. 7. Lemma. If Z y B / (a i} a i+1 ) is defined as Z B J (a,,a i+ i) = E bi exp (a i} b;, a i+1 ) 7 
i/ien 

r r zg ) (a,,a, +1 )-4f 
hm sup <^ In — \ \ = , 

VX < oo. 

A3.8. Proof of Lemma AS.7. Let 7L + = {i e 21 : i > 0} and K+ = {!,... ,A/"} Z+ . Wc 
denote by C{K + ) the Banach space of the real continuous functions on K + , and by M*{K + ) 
its dual, i.e. the space of real measures on K+. Given a configuration uin £ {1, . . . ,Af} N , 
N > 1, and a configuration m + e one can define the configuration (mjv, m+) £ if + as 



(mAr,m + )j = 



(mjv), , for i = 0, . . . , N , 
(m + ) 4 _ w , for i > N. 



Given $ £ B, an operator £$: C(K + ) — > C(.K + ) is defined by 

£*/(m + ) = ^ exp [ ®x(mx) /(m ,m + ) ; 

mo=l xcZ + 

then there exist A$ > 0, /i$ € C(K + ) and e M*(if + ) such that 

(a) £$ft.$ = \$h<j,, and 

(b) if / e C(K + ), limfe^oo ||Aj fe £|/ — ^$(/) /i<s||oo = 0, uniformly for <J> in a bounded subset 
of a finite dimensional subspace of B. 

The proof of such a statement follow from [Rl] and can be found in [Gl], Ch. 18, Propo- 
sition XXXV and exercises, (it is essentially an adaptation from [Rl], see also [GL]). 
Define the function in C(K + ) 

/ ai (m + )=exp ^ <S>x(m x ) 

XcA,uA l+1 

where a 4 £ {1, . . . ,A/"} L . Note that / ai (m + ) depends only on the first L symbols of m + , (so 
that the successive ones can be set equal to an arbitrary value, say 1). Then one has 

4 g) (a t ,a m ) -4^(1,1) _ £M /a<(a . +i|1)£ M /i(1) 

4f (m.ij-zg (i >a<+1 ) £^^(1)^/1(^+1,1) ' 

where 1 appearing in (aj+i, 1) is an element in K+, while the subscript 1 in /i is an element 
in {l,...,Af} L (i.e. a, = 1). 
Then from the property (b) above, Lemma A3. 7 follows. ■ 

A3. 9. Proof of Lemma A3.1. We consider the cluster expansion envisaged in §A3.5. From 
the interaction {Vd} £>gf D ' terms of the following form arise: 

( a ) Sit r <Pt(Ri, ■ ■ ■ , Rn) C{Ri) ■ ■ ■ C{Rn), where the dependence on a configuration a, 
is only through the factors 



Ui 



3 J< H) ( ai ,b i>ai+ i) 
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appearing in ((R); 

(b) for D = A u a < f E) ( ai ); 

(c) J2r! r Vt(-Rij • • , Rn) C{Ri) ■ ■ ■ C{Rn), where the dependence on the configurations 
sn is (also) through terms W^f +l3E \uic) and J^ E ^ (a*, b^, a i+ i) in C(-R)> 

(d) for D = Ai U also 



In 



4f (a^+r) -4 



4f(a i ,l).4f ) (l,a i+1 ) 



As a polymer i? contains at most 2|i?| A-blocks through the factors Ui, we can extract 
also a factor p 1 / 4 from each A-block appearing in terms of the form (a), by simply replacing 
((R) with a new activity ((R) = p-\ k \l 2 p(R). 

In (b), we can write oif E \ai) = p 1 ^ 2 [p~ 1 ^ 2 a\^ E \ai)], where p~ 1 / 2 \\off E "'\\ 00 can be made 
arbitrarily small by taking (3 small enough. 

As far as the terms in (c) are concerned, we can extract a factor e~ r = p from each A- 
block, thanks to the exponential decay of the interaction, and the remaining factor can be 
made arbitrarily small by taking L large and (3 small, (see the proof of Lemma A3. 4 and 
the definition of the set in §A3.2). 

By Lemma A3. 7, we can extract a factor p from each term in (d) by taking M sufficiently 
large. 

Therefore we have a factor p 1 / 4 \/A arising in (a) and a factor p 1 ! 2 \/A arising in (b), (c) 
and (d). Then we can bound 

|e(s)|<p' s i l[c D , 



Des 



where p = p 1 ^ 4 , and 



■'D 



2p- 1 / 2 ||^||oo, MD = Ai, 
2p- 1 ||V D ||oo , if D = AiUA i+1 , 

2[||Wb|| + HWblloo] , UD^A i ,A i UA i+1 



being Wd defined as Wd, but with ((R) replacing ((R). 
If (3 -> and M -> oo, then 

J2Wx(ax)\e^ r ' 



x 



can me made arbitrarily small, for some r' < r, in order to apply Israel's analyticity theorem, 
[Is], Theorem II, 4, (see also [CO]). Equivalently we can reason as before, and we can apply 
again [CO], Lemma 1, and deduce that, for any constant R > 0, we have 
(1) for any L, 3M 1 {L) such that for VM > Mi(L) 



2 



^ f n r 4f (a,,a, +1 )-4f(l,l) n-| 
MlP t n ^4f(a i ,l)-4f ) (l,a i+1 )J-' 



P a»,ai+i 



K 

^3 ; 



(2) 3L such that ML > L , VM and V/3 € % (being oj m defined in §A3.6) 



sup V 2||W^(a2 3 )|| 00 < 5 



(3) for L = L , 3M 2 (L ) such that V/3 e ^m 2 (l ) and VM > M 2(-£<o) 

Bup^||af B) || 00 + sup ]T 2||W^(az,)||oo < ^ • 
20 



Therefore, if £ % , with M = max{Mi(Xo), -^2(^0)}, there exist k = k(0, L , M ) < 
R such that Cd < k. If R is so chosen that k < \n{yfp (2 — y/p)]' 1 , one can apply again [CO], 
Lemma 1: then there is a constant G(p, k) such that 

hm jL. In Z p (H + 0E) < G{p, k) + j In | ^ e a<H) ( a *) . 

The uniformity of the bound and the existence of the second limit uniformly in L (for real H, 
the proof of such a result is standard, [R2]) allow us to apply Vitali's convergence theorem, 
[T], §5.21, and complete the proof of Lemma A3.1. ■ 
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